On December 10, 2009, the auction of JP Morgan Chase's warrants raised gross proceeds of $950 million, topping the previous warrant auction record of the 1983 Chrysler warrants in real and nominal terms. This paper analyzed the results from the secondary market trading on December 9, 2009, of the Troubled Asset Relief Program (TARP) warrants issued by Capital One Financial (COF) to estimate the likely auction price of the JP Morgan Chase (JPM) TARP warrants. The Capital One Financial warrants have displayed an implied volatility discount relative to other historic and implied volatility metrics. The paper translates the percent volatility discounts from traded TARP warrants to estimate the likely implied volatility of long-dated TARP warrants that have not yet gone to auction.
1.
Introduction author rounded to the nearest $.25 since the bids had to be in $.25 increments.) In Bloomberg the estimates of two other analysts were reported. Those estimates had medians of $12.50 and $15, respectively. While the author's middle estimate was within a dollar of the $10.75 per warrant auction price, a couple of derivative traders did better with median guesses of $11.50 and $11 in articles in Barrons and the Dow Jones Newswires, respectively. Thus, in this natural experiment, the author's methodology did pretty well relative to other estimates widely circulated at the time. 3 Unlike the sources of the other estimates mentioned above, this paper makes its methodology available so that this procedure can be used by others to estimate the value of TARP warrants which have not yet been auctioned.
Like the Capital One auction that preceded it on December 3, 2009, the JPM auction was a modified Dutch auction. In this auction, the U.S. Treasury set a reservation price of $8 per warrant. 4 Investors submitted sealed bids rising in increments of $0.25 cents per warrant. The warrants were sold in minimum lots of 100 warrants. Any investor who bid over the market clearing price got all the warrants he or she requested at the uniform price. Any investor who had bid at the market clearing price of $10.75 received a partial allocation on a pro rata basis, according to the preliminary prospectus. Consider the following example where about 88.4 million warrants are being auctioned. Bidder A bids for 40 million warrants at $16 per warrant; Bidder B bids for 30 million warrants at $13 per warrant; and Bidder C bids for 30 million warrants at $10.75 per warrant. If all other bids are lower than bidder C, then the price set by auction is $10.75 per warrant. Bidder A gets 40 million warrants, and Bidder B gets 30 million warrants. Bidder C gets 18.4 million or about [(18.4 million)/(30 million)]*100 percent = 61.3 percent of his or her desired quantity at a price of $10.75 per warrant.
The Capital One Financial warrant auction priced the 12,657,960 warrants at $11.75 apiece. This generated gross proceeds of $148.7 million before underwriter fees or $146.5 million in net proceeds after fees and expenses.
5 Capital One Financial and JP (1973) with dilution adjustments of Galai and Schneller (1978) that this paper does. This paper's estimate is obtained by using the secondary market implied volatilities of the Capital One Financial warrants to estimate the likely implied volatilities of the JP Morgan's warrants in the secondary market. The secondary market trading of the Capital One warrants, and subsequently the JP Morgan and TCF Financial warrants have shown a tendency to trade at implied volatilities below that of other traded options and below most historic volatility measures. Thus, it is a better approach to adjust whatever volatility metric is used downward by the ratio of that metric to the implied volatility of banks with publicly traded TARP warrants. This procedure is modeled in Table 2 .
The paper proceeds as follows. The data and methods that are used to obtain the parameter estimates are in section 2. In section 3 the valuations are presented. In section 4, the author concludes.
Data, Estimates, and Valuation Methods
The author obtained stock price and dividend data from Yahoo! Finance. The prices of the January 2012 call options were obtained from MSN Money. The prices of the COF-WS warrants were obtained from www.InvestorPoint.com. Treasury rates were obtained from the U.S. Treasury web site. Strike prices, expiration dates, and the numbers of warrants outstanding were taken from SIGTARP (2009).
Volatility Estimates
The most important input into an option pricing model is the volatility. We will devote this section to discussing the volatilities estimated. Five different volatility estimates were used. Three were selected for the valuation range of JP Morgan Chase's (JPM) warrants. Two of the three selected volatilities were adjusted downward, based on the ratio of those volatility metrics for Capital One Financial to the implied volatility of Capital One Financial's TARP warrants (COF-WS) at the close of trading on December 9, 2009. The average implied volatility of the January 2012 call options with strike prices of $40 and $45 were used as one volatility metric for the Capital One Financial and JP Morgan Chase warrants, which both have strike prices between $42 and $43, of $42.13 and $42.42, respectively. An index of implied volatilities, the 10-year historic volatility, the 2-year historic volatility, and the author's estimates from a GARCH(1,1) model were also used to obtain volatility estimates. The estimates were ranked from lowest to highest. Below, we will explain how the volatilities were calculated.
Implied Volatility of the January 2012, $40 and $45 Calls
The implied volatility of the call options that expire on January 21, 2012, was estimated for both Capital One Financial and JP Morgan Chase. These are often referred to as Long-term Equity AnticiPation Securities (LEAPS). The details of these contracts are summarized in Table 1 . The closing share price and last options trade were used to estimate the implied volatility. The January 2012 $40 and $45 call options' implied volatilities were averaged to obtain the implied volatility of the January 2012 LEAPS.
[***Insert Table 1 about here.***]
IV Index Implied Volatility
The implied volatility IV index call is compiled by ivolatility.com, which provides historic option price data, and this index is posted on the Chicago Board Options Exchange (CBOE) site. Implied volatilities for traded options are calculated and the index is a weighted average of those volatilities. Each option's vega is used as its weight in the index. An option's vega measures how sensitive the option's price is to a change in the stock price's volatility. An option is at-the-money when the strike price equals the stock price. When an option is at-the-money, it is the most sensitive to volatility estimates, and the implied volatility estimates tend to be the most accurate.
The current readings of the IV index calls are in the thirty-to-forty percent range in Table 2 . These readings are much lower than the 52-week highs reached by this index of implied volatilities. The 52-week highs for COF and JPM were 237.07 percent and 143.58 percent, respectively. These highs were reached in April 23, 2009, and January 29, 2009 , respectively. In the late spring through the summer, volatilities for all traded options have generally fallen dramatically as stock markets have rallied. On December 4, 2009, the VIX index of the implied volatility of S&P 500 options stood at 21.25 percent per year. This is close to its historic average of 20.28 percent. 
GARCH(1,1) Average Volatilities
The author estimated the GARCH(1,1) model. GARCH stands for the generalized autoregressive conditional heteroskedasticity model. This methodology was developed by Bollerslev (1986) . Heterosckedasticity stands for differing variance. Suppose that the subscripts denote the time period. The subscript "t" stands for the current time period. The GARCH(1,1) model assumes the current variance is a function of the last squared error term, 
= + +
Since the author used daily data, the variance estimated was daily variance. The author used Kurt Annen's Microsoft Excel add-in at www.web-reg.de to find the maximum likelihood estimates for all three companies. The author attempted to estimate the GARCH(1,1) model from November 24, 2009, going back ten years. This effort was successful in the case of JP Morgan Chase. Unfortunately, the GARCH(1,1) model produced estimates of variance that were mean fleeting, not mean reverting for Capital One Financial for time periods going back between five-to-ten years in annual increments. If the GARCH(1,1) model does not mean revert, then it provides little guidance for future variance. The GARCH(1,1) model for Capital One did produce mean reverting results for the last four years since November 25, 2005. Yet, the last four years were more volatile than the last ten. Thus the average GARCH(1,1) variance for the next nine years is probably too high in the estimation of Capital One Financial, relative to the other estimates. The average volatility to expiration estimates from the GARCH(1,1) model for each bank is displayed in Table 2 .
10-Year and 2-Year Historic Volatilities
The author used closing stock prices from November 24, 2009, going back ten or two years to calculate the simple historic volatility. The author adjusted the closing stock price for dividends and stock splits. The log-returns were calculated and the historic volatility was calculated as outlined in Hull (2003, pp. 238-241) .
Adjusting the volatilities
The ratio of the implied volatility of the Capital One Financial warrants (COF-WS) is expressed as a percent of various other metrics of the volatility of the Capital One stock's instantaneous returns. This percent is multiplied by those metrics, which are the IV index call implied volatility, the 2012 LEAP's implied volatility, the GARCH(1,1) average volatility, the 10-year historic volatility, and the 2-year historic volatility for JPM's stock. Those estimates are on Table 2 .
The author used the median adjusted estimate as the low-end volatility estimate for the JP Morgan Chase (JPM-WS) warrants. If he used the lowest estimate of about 13.5 percent with the 10-year average dividend yield, that would have led to a warrant price well below $5.75. Since $5.75 is the closing price of the January 2012, $45 call in Table 1 , that would have been cause for an arbitrage opportunity. Warrant prices below the January 2012, $45 call would mean an investor could buy a call option (the warrant) with a lower strike price, $42.42, and a longer time to maturity, nearly nine years, and pay for the purchase by shorting the January 2012, $45 call. (The dilution adjustments are minor for the warrants and cannot explain price discrepancies in excess of the percent ownership dilution by warrant exercise.) As it stands, the low estimate is below the auction's reservation price of $8 per warrant. All implied volatility estimates are from option prices on December 9, 2009. The historic volatility and GARCH(1,1) estimates have their latest observation November 24, 2009, and go back between two and ten years from that date. The middle estimate for JPM's warrants is the maximum adjusted estimate. The high estimate is the minimum unadjusted volatility estimate for JP Morgan Chase.
[***Insert Table 2 about here.***]
Dividend yield estimates
The author used three different dividend yield estimates. Lower dividend yields are associated with higher warrant valuations. Thus, the low, middle, and high dividend yield estimates are used in the high, middle, and low valuation estimates respectively. The lowest dividend yield is the current continuously compounded dividend yield at the close of December 9, 2009. This is calculated by dividing the current dividend by the current stock price. The quarterly compounding yield is annualized and adjusted for continuous compounding by taking the natural log of the annualized dividend yield. The high estimate is the average dividend over the last ten years, divided by the average stock price. The dividend yield estimates for COF are in Table 1 , and the dividend yield estimates used for JPM are in Tables 3 and 4 .
Risk-Free Rates
The author used the U.S. Treasury yields reported by the U.S. Treasury. 10 For the January 2012 option implied volatility calculations, the 2-year U.S. Treasury note yield of 0.76 was used. This was turned into a continuously compounding rate by calculating ln(1.0076). For the risk-free rates for the warrant valuations, the 7-year, T-note yield was multiplied by 1/3, and the 10-year, T-note yield was multiplied by 2/3. These two multiples were added together. A natural log was taken of one-plus-the-sum to adjust the yield for continuous compounding. This resulted in a continuously compounding riskfree rate of 3.21 percent.
Valuation methods
The best known option pricing model is Black and Scholes (1973) . Nevertheless, that model does not adjust for the payment of dividends. Financial stocks are heavy dividend payers. Dividends reduce the value of the stock approximately by the value of the dividends paid, all other things being equal. Warrant or option investors do not get to collect dividends until they exercise their options. The author adjusts for the payment of dividends with the option pricing model of Merton (1973) . Veld (2003) argues that Merton (1973) performs as well as any other pricing model in studies of warrant pricing. Warrant exercise increases the number of shares outstanding. At the same time, the firm collects cash from warrant exercise, which increases the value of the firm. On balance, warrant exercise puts a slight downward pressure on the stock price. To account for this the author uses the numerical procedure suggested by Galai and Schneller (1978) . Like this paper Wilson (2009a; 2009b; 2009c) , and Congressional Oversight Panel (2009a) use Merton (1973) with the dilution adjustments of Galai and Schneller (1978) .
Results
The estimates are based on the closing prices on December 9, 2009. This is the date when the JP Morgan Chase auction was announced. The most striking thing is the gap between the two-year call option implied volatilities and the volatilities of the COF-WS warrants with nearly nine years to expiration. The 2-year LEAPS had an implied volatility of about 41.41 percent versus 24.92 percent for the 9-year warrants. This suggests that investors have much lower volatility expectations over the nearly seven years from the end of January 21, 2012, to November 14, 2018, or investors were only willing to purchase the warrants at a significant discount to their expected volatility. There are even larger gaps for all other volatility metrics in relation to the 9-year warrants.
In Table 3 , the key inputs for the valuation are summarized. This data is obtained from SIGTARP (2009), Yahoo! Finance, and the JP Morgan warrant's preliminary prospectus.
[***Insert Table 3 about here.***]
The JP Morgan Chase's warrants' value ranges from $6.64 to $16.67 apiece or between $587 million to $1,474 million. While the low-end estimate does not create an obvious arbitrage opportunity, it comes close. Further, it is less than the reservation price of $8 per warrant. The combination of both the 3.18 percent dividend yield and the 19.31 percent volatility push down the low-end estimate in the same way that the combination of the 0.47 percent dividend yield and the 30.84 percent volatility push up the high estimate.
[***Insert Table 4 about here.***]
Conclusion
On Thursday, December 10, 2009, the largest warrant auction in U.S. History generated gross proceeds of $950 million. This topped the 1983 Chrysler warrant auction in real 2009 dollars of $675 million, according to Wilson (2009b) , and nominal dollars of $311 million.
This paper estimated prior to the auction, that the auction would fetch about $859 million. The pre-auction estimates were obtained by analyzing the implied volatilities of traded warrants which began trading on December 4, 2009. The results of the Capital One Financial auction, which raised gross proceeds of $148.7 million on December 3, 2009, or net proceeds for taxpayers of $146.5 million, indicated that private investors were not willing to pay as much for volatility when they buy the nearly 9-years-toexpiration Troubled Asset Relief Program (TARP) warrants as they are willing to pay for shorter-term, exchange-traded options with maturities of up to two years. The implied volatility of the Capital One warrants of about 25 percent per year is much less than the implied volatilities of two-year options of about 41.5 percent, according to Table 2 . Similar patterns emerged after the JP Morgan Chase auction. The implied volatility of the auction price for the JP Morgan Chase warrants was 23.1 percent compared to 31.1 percent for call options expiring in 2012.
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The Capital One warrant investors paid $12.80 at the close of trading on December 9, 2009, according to Table 1. Using the 10-year historic volatility in Table 2 and the 10-year average dividend yield of 0.50 percent, those investors could expect the warrants to be worth $23.40 if they both hold the warrants to exercise, and those estimates are correct. That indicates they could expect returns of about 7.4 percent per annum in excess of the risk-free rate. Black and Scholes (1973) argue that the value of a call option portfolio is expected to rise with the risk-free rate. Thus, the total returns 
